GEVREY HYPOELLIPTICITY FOR A CLASS 
OF KINETIC EQUATIONS 
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Abstract. In this paper, we study the Gevrey regularity of weak solutions for a class of 
linear and semi-linear kinetic equations, which are the linear model of spatially inhomo- 
geneous Boltzmann equations without an angular cutoff. 



1. Introduction 
In this paper, we study the following kinetic operator: 

f ^ 5r + V ■ <9,v + X, vX-A^r, {t,x,v) €RxR" xR", (1.1) 

where < cr < I, v ■ = V.^^vjdxp a{t,x,v) e C~(]R2"+1) and ait,x,v) > on 
]R X R" X R", the notation (-Ay)"" denotes the Fourier multiplier of symbol 

p{r]) = {\riroj{ri) + \r]\{l-ajiTj)t, 

with aj{r]) e ^"(R"), < oj < I. Moreover, we have w ^ 1 if |?7| > 2 and a> ^ if < 1. 
Throughout the paper, we denote by u{t, ^, 77) the Fourier transform of u with respect to 
the variables {t,x,v). V is not a classical pseudo-differential operator in R^""*^^; for the 
coefficient in the kinetic part is not bounded in R^""'"^ When cr = \, the operator (1.1) is 
the so-called Vlasov-Fokker-Planck operator (see |[T2l [131 ). it is then a Hormander type 
operators, and we can apply the Gevrey hypoellipticity results of M. Derridj and C. Zuily 
iTl and M. Durand [.10.1 , see also [5] for the optimal G^-hypoelliptic results. 

As is well known, the operator (1.1) is a linear model of the spatially inhomogeneous 
Boltzmann equation without an angular cutoff (cf. [T5l). This is the main motivation 
for the study of the regularizing properties of the operator (1.1) in this paper. In the past 
several years, a lot of progress has been made in the study of the spatially homogeneous 
Boltzmann equation without an angular cutoff, (see ||2l |3] El |2T] and references therein), 
in which the authors have proved that the singularity of the collision cross-section yields 
certain gain on the regularity for the weak solution of the Cauchy problem in the Sobolev 
space frame. That implies that there exists a C°° smoothness effect of the Cauchy problem 
for the spatially homogeneous Boltzmann equation without an angular cutoff. The Gevrey 
regularity of the local solutions has been constructed in [20] for the initial data having the 
same Gevrey regularity, and the propagation of Gevrey regularity is proved recently in ||9l. 
In lITTl . the Gevrey smoothness effect of the Cauchy problem has been established for the 
spatially homogeneous linear Boltzmann equation. In [16], they obtain the ultra-analytical 
effect results for the non Unear homogeneous Landau equations and inhomogeneous linear 
Landau equations. 
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However, there is no general result for the smoothness effect of the spatially inhomo- 
geneous problem, which is actually related with the regularity of the kinetic equation with 
its diffusion part a nonlinear operator in the velocity variable v. Under the singularity as- 
sumption on the collision cross section, the behavior of the Boltzmann collision operator is 
similar to a fractional power of the Laplacian (-A,,)"^ . In [1], by using the uncertainty prin- 
ciple of the micro-local analysis, the authors obtained C°° regularity for the weak solution 
of the linear spatially inhomogeneous Boltzmann equation without an angular cutoff. 

On the other hand, in fT5l, the existence and the C°° regularity have been proved for 
the solutions of the Cauchy problem for linear and semi-linear equations associated with 
the kinetic operators (ll.ll ). In this paper, we shall consider the Gevrey regularity for such 
problems. 

Let us first recall the definition for the functions in the Gevery class. Let U be an open 
subset of R'' and \ < s < +00, we say that / e G\U) if / e C°°{U) and for any compact 
subset K of U , there exists a constant (say Gevrey constant of /) C = Ck, depending only 
on K and /, such that for all multi-indices a G M^, 

Wf\\L-m < df\a\Y. (1.2) 

If W is a closed subset of R'^, G\W) denote the restriction of G\W) on W where W is an 
open neighborhood of W. The condition (11.21 ) is equivalent to the following estimate (e.g. 
see M or ifTSU ): 

Wf\\LHK)<C^'^^\Wr. 

We say that an operator P is hypoeUiptic in ?7 if m e D'{U) and Pu e G\U), then 
it follows that u € G\U). Likewise, we say that the operator P is C°° hypoeUiptic in U if 
u e £>'{U) and Pu e C°°([/), then it follows that u e C°°{U). 

In [HI, Morimoto-Xu proved that the operator (1.1) is hypoeUiptic ifl/3<cr<l. 
Our first main result of this paper is the following: 

Theorem 1.1. Let < cr < 1 and 6 - max f - g}- Then the operator V given by f li.il ) 
is G^ hypoeUiptic in R^"^' for any 5 > | , provided the coefficient a{t,x,v) e G^(9?"*^) 
and a{t, x, v) > 0. 

Compared with what is obtained in fT5\, the result of Theorem 1.1 implies that the 
operator (1.1) is also hypoeUiptic in the case of < cr < 1/3. 
Next, we consider the following semi-linear equation: 

dfU + V ■ V xU + a(— Av)°"m = F{t, x, v; u) (1-3) 

where F is a nonlinear function of the real variables (t, x, v, q). The following is the second 
main result of the paper, which implies that the weak solution of equation (1.3) has Gevrey 
regularity: 

Theorem 1.2. LetQ < cr < 1 and 6 - max{ j, f - g}. Suppose that u £ L'^^iM?"'^^) is 
a weak solution of Equation HI. Si . Then u € G''{M?"'^^) for any s > ^, provided that the 
coefficient a e G*(R^""'"^), a{t, x, v) > and the nonlinear function F{t, x, v, q) € G'(R^"^^)- 

Remark 1.1. Our results here are local interior regularity results. This implies that if 
there exists a weak solution in D', then the solution is in Gevrey class in the interior of 
the domain. Thus, the interior regularity of a weak solution does not depend much on the 
regularity of the initial Cauchy data. Also, without loss of generality, we can assume that 
a{t, x,v) > cq > for all (t, x, v) € R^"+^ with cq a positive constant, and all derivatives of 
the coefficient a are bounded in R^"'''^ 
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The paper is organized as follows: in section |2l we prove that V is subelliptic by using 
the method of subelhptic multipher developed by J. Kohn iMl . Section[3]is devoted to the 
study of the commutator of (-Ay)"" with the cut-off function in the v variable. In section 
m we use the subelliptic estimates to prove the Gevrey hypoellipticity of the operator P. 
Section |5] is devoted to the proof of the Gevrey regularity for the weak solution of the 
semilinear kinetic equation (1.3). 

2. Subelliptic estimates 

In this paper, the notation, || • ||^, /c € R, is used for the classical Sobolev norm in 
//'^(R2«+1), and (/, g) is the inner product of /,g £ L2(R2«+1). Moreover if /, g e 
C^(R2«+1), it is easy to see that 

5)1 < ll/IUI^IU < ^ + (2.1) 
2 2e 

We have also the interpolation inequality in Sobolev space: For any e > and r\ <r2< 

WfWn ^ ^WfWn + s-^'-'-'-^^'^'-'-'-'^lfWr, . (2.2) 

Let n be an open subset of R^"'^^ and S'"{D.),m e R, be the symbol space of the 
classical pseudo-differential operators (when there is no risk to cause the confusion, we 
will simply write 5™ for S'"{Q.)). We say P = P{t,x,v,D,,D^,D,) e Op(5"') to be a 
pseudo-differential operator of order m, if its symbol p{t, x, v; r, ^, rj) e S"\lf P e Op(5''"), 
then P is a continuous operator from H'^iCl) to H'^^"\£l), where H'^iCl) is the subspace of 
^{R^"*^) which consists of the distributions having their compact support in Q.. H'^~^{Q.) 
consists of the distributions h such that cph G //''-'"(R^"^') for any cp e C^(a). For 
more details on the pseudo-differential operators, we refer to Treves |[T9l . Observe that 
if Pi G Op(5'"'), Pi e Op(5""2)^ then [Pi, P2] e Op(5""+'"2-i). 

We study now the operator P given by (11.11 ). For simplicity, we introduce the following 
notations 

= (-Zv)^ , Xo = d, + v d„ Xj = d,^,j=l,--- ,n, 
A' = il + \D,\^ + \DA^ + \D/f\ 
Then P can be written asP = Xo + a(t, x, v)A^°", and dxj = [Xj, Xq]. The following simple 
fact is used frequently: For any compact K c R^""*"^ and r > 0, there exists CK.r > such 
that for any / e C^iK), 

IK/||,-<C^,,-|||^/||. + 11/11.). (2.3) 
In fact, a simple computation gives that 

||A^/||2 = ReiPf, a-'A^'-f) - Re(Xo/, ^-'A^''/) 

= ReiPf, a'A^'-f) - i(/, [a' A^'' , Xq]/) - \{f, [A^^ a'^ Xof) 

< CkAWP/H + ll/llrl, 

where Xq = dt + ij'iv)v ■ and i// € C[^(R") is a cutoff function in the v variable such that 
i/f = 1 in the projection of K on R". Remark that, with the choice of such a cutoff function, 
we have that _ 

XoP{t, X, V, Dt, D„ D,)f - XoP{t, X, V, A, D„ D„)/ 
for any / € C^iK) and any partial differential operator P{t, x, v, D,, D^, Dy). 
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First we show Pisa subelliptic operator on R^"^ ^ with a gain of order 6 = max | ^ , f - g 

Proposition 2.1. Let K be a compact subset o/R^"^' . For any r > 0, there exists a constant 
Ckj; depending only on K and r, such that for any f e Cq{K), 

\\f\Ws < CkA WPfWr + il/llo ), (2.4) 

where 6 = max | f - ■ 

In order to prove Proposition 12.11 we need the following two lemmas. 
Lemma 2.2. Let K be any compact subset o/R^""*^^. Then for any f e Cq{K), we have 

l|A-'^%/llo < Ck{ WPfh + Il/llo ), (2.5) 

and 

\\A-'Xjf\\^ < C KiWPf Wo + \\f Wo), 7-1, (2.6) 

This is the result of Proposition 3.1 in [15|. The following lemma is to estimate the 
commutators, which is different from the calculation in |[T5l for the second part of the 
lemma. 

Lemma 2.3. Let K be a compact subset o/M.^"^^ Then for any f e C^iK), we have 

W[Xj, A-iXo]/L/2-i/6 < Ck{ r/llo + Il/llo ), J - 1, • ■ • (2.7) 

and 

W[A-'Xj, WII^/4 < Ck{ WPf Wo + Il/llo ), 7 = 1, • • • (2.8) 

Proof Wedenote Qj = A'^-'^'^-^[Xj,Xo] - A'^-i/^-'S,, e Op{S"'-'^/^). Note that [X^, Qj] -- 
for any I <k<n. Therefore for any / e C^iK), 

WlXj, A-'Xom\l/2-m = llt^i' ^■'^o]/ll^/2-i/6 

< \{XjA-'Xof, Qjf)\ + \{A-%Xjf, Qjf)\ 

< \(A-'Xof, QjXjf)\ + \{Xjf, XoA-' Qjf)\ 

< l|A-'Xo/||2/3lie,Xy/|U2/3 + l(X;/, [Xo, A-'Qj]f)\ + \(Xjf, A-'QjXof)\ 

< Ck{ WA-'''XofWl + l|A-'X,/||2 + ||/||2 ), 

where we have used the simple fact that [Xq, A'^Qj] e Op(5"^"^^^"'). Then (1231 ) and (1231 ) 
give immediately (12.71 ). 

We now study (12.81 ). First of all, we have 

W[A-'Xj, Xo]fWl^4 = (A-'XjXof, A'^'^A-'Xj, Xq]/) 

-{XoA-'Xjf, A'^'^A-'Xj, Xo]/). 

By a straightforward calculation, it follows that 

|(XoA-iX,/, A'^'^A-'Xj, Xo]/)| = |(A-iX,/, XoA'^'^A-'Xj, Xo]/)| 

< |(A-'Xy/, A'^'^A-'Xj, Xo]Xo/)| + \{A-'Xjf, [A''/\A-'Xj, Xq], Xo]/)| 

< Ck[ \{A''Xjf, A'^'^A-'Xj, Xo]Xo/)| + WA-'XjfWl,^ + H/Ho I 

< Ck[ \iA-'Xjf, A'^'^A-'Xj, Xo]Xo/)| + WPfWl + 11/11^ 1- 
In the last inequality, we have used (12.61 ) in Lemma IZ21 
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Denote P^i2 - K'^'^K'^Xj, Xq\ € O^iS"''^). Recall that Xq = 'P- oAI'^. We have 
\{A-'Xjf, A''/\A-'Xj, Xo]Xof)\ = \{A-'Xjf, P^,2Xof)\ 

< \{A-'Xjf, Paa9f)\ + \iA-'Xjf, P^/2«Af /)| 

< Ck{ \\A-'Xjf\\l^2 + WPfWl + MKA^'Xjf, A7P^/2aAf /)| } 

< Ck{ I|A''^;/II^/2 + ll^/llo + \\K.^~'^jfti2 + IK/Ilo } 

< Ck{ \\K.A''i^A''Xjf\^Q + ||;p/||2 + 1|/||2 ). 

For the last inequality, we used results from (12.31 ) and (I2.6I ). Clearly, [A^, A^^Xj] = 
[A^, A"''^] - [A-^Xj, A^/2] ^ 0. Then we get 

WA^A'^^^A-'XjfWl = -RciPf, a-'A'^A-^Xjn + RciXof, a-'A^A-^Xjf) 

< Ck{ WPfWl + \\A-'Xjf\\l + [A'^A-^XJ, a-'Xo]f)\ 

+ [a-\ Xo]A''A-^Xjf)\} 

< Ck{ WPfWl + ml + \\A-'Xjf\\l + |(/, A-'Xj[A'^A-'Xj, a-'Xom\ 

+ \{f, [A''Xj, a-%]A''A''Xjf)\ ) 

< Ck{ WPfWl + \\^~'Xjf\\l + 11/11^ } 

< Ck{ WPfWl + ll/llo }• 

The above three estimates show immediately 

\{XoA-'Xjf, P^i2f)\ < Ck{ II^/II^ + ll/llg }. 
Similarly, we can prove 

\{A-'XjX^f, P^i2f)\ < Ck{ WPfWl + ll/llo 1- 
This completes the proof of Lemma E31 □ 
The rest of this section is devoted to the proof of proposition 12.11 
Proof of Proposition 12. 71 Notice that dx - {Xj, Xq] and dt - Xq - Yj • [Xj, Xq]. 
Hence, for any / e C^{K), we have 

n n 

wfts = wdtfwU + 2] wdx.fwli + 2] ii5v,/iiii + 11/11^ 

n 

< Ck { l|A-lXo/||2 + 2 (ll-A(v)v,-[Xy, Xo]/||2_i 
7=1 

+ l|[^;, Xo\fts-l + l|A"'^y/ll') + ll/llo }■ 

Since 6 - max {cr/4, cr/2 - 1/6} < min {2/3, cr} , applying (12.51 ) and (12.61 ) to Lemma l2!2l 
we have that 

n 

IIA-'Xo/||, + IIA''^7/II<5 < Ck{ r/llo + ll/llo } 

and 

W^{v)vj[Xj, Xol/ll^-i < CKWWXj, Xo]/||5-i + ll/llo}. 
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It remains to treat the term \\[Xj, XqI/H^-i. We consider tiie following two cases. 

Case (i). 5 = max {o-/4, crjl - 1/6} - cr/2 - 1/6. 
We apply (12.71 ) in Lemma [231 to get 

||[X,-, Xo]/||,-i < A-'Xo]/||, + ||[X,-, A-']Xo/||, 

< Ck{ WPfh + W^-'XofWs + WfWl }. 
Since 5 < 2/3, then applying (12.51 ) again, we get immediately 

\\[Xj, Xo]f\\s-i < Ck{ r/llo + ll/llo }. 

Case (ii). 5 - max(o"/4, cr/2 - 1/6) = cr/4. 
By (ITSl ) in Lemma 1231 it follows that 

||[X,-, %^f\\6-y < WVK-'Xj, Xo]/||5 + ||[A-i, Xo\Xjf\\s 

< Ck{ WPfh + \\A~'Xjf\\s + ll/llo }. 
Note that 5 < cr, and hence from (12.61 ). we have 

\\[Xj, Xo]f\\s-i < Ck{ r/llo + ll/llo }. 

A combination of Case (i) and Case (ii) yields that for 6 = max {cr/4, cr/2 - 1/6} , 

\\[Xj, Xo]f\\s-i < Ck{ r/llo + ll/llo }. 

Then we get 

\\f\\6 < Ck{ WPfWo + ll/lo }. (2.9) 

Choose now a cutoff function € C^iM?"'^^) such that = 1 and Supp i/' is a 
neighborhood of K. Then for any r > 0, e > and / e Cq{K), by we have 

||/||,+, = ||A'>/||, < ||«AA7ll5 + IILA'', m\s < Ck{ mAyWo + 11/11. }. 

Furthermore, notice that 

[aAl"',iffA''] - 2a[A;r, M'lK + a[K' IK' ^1 ] + [a, ^pA'^^ . 

Hence 

II^MYllo < ll-AA''?'/llo + ll[^o, "AM/llo + l|a[A^, [<, Ml ]/llo 
+2||a[A-, (AAlA^/llo + IILa, MlA^'/llo 

< cjf,r{r/iir + 11/11. + iia;^/ii.), 

Combining with (12.31 ). we have 

||^M7ll0 < CkA WfWr + ll/llr }. 

The above three estimates show that 

II/II.+5 < CkA r/llr + 11/11. }. 
Applying the interpolation inequality (12.21 ). it follows that 

ll/llr+5 < C,,r,K{ \\Pf\\r + ll/llo I + e|l/ll.+5. 

Taking e small enough, we get the desired subelliptic estimate (12.41 ). This completes the 
proof of Proposition 12.11 
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Since the subelliptic estimate in Proposition 12.11 is true for < o" < 1 , we can now 
improve the C^-hypoeUipticity result of |[T5Tl ( which is for 1/3 < cr < 1 ) as in the 
following Theorem: 

Theorem 2.4. Let < cr < 1. Then the operator f given by di.il ) is C°° hypoelliptic in 
g^2«+i^ pfQyidgd fii^f fiig coefficient a{t, x, v) is in the space C^CE?"^^) and a{t, x,v) > . 

In fact, if we consider only the local regularity problem, as in Proposition 4.1 of lITSl . 
we can prove that if / e H'l^XR^"^^), u e £)'(R2"+1) and Pu = f then u e H-J+fiR^"^^). By 
using the subelliptic estimate (12.41 ). the estimate for the commutators between the operator 
P and the moUifiers are exactly the same as in Section 4 of |[T5l . This gives the 
hypoellipticity by the Sobolev embedding theorem. The same argument applies to the 
semi-linear equations. 

Remark that the results of |[T5l are not only regularity results. The authors also proved 
a global estimate with weights (the moments). This is another important problem for the 
kinetic equation. 

3. Cutoff functions and commutators 

To prove the Gevrey regularity of a solution, we have to prove an uniformly iteration 
estimate (11.21 ). Our only tool is the subelliptic estimate (12.41 ). Since it is a local estimate, 
we have to control the commutators between the operator P and the cutoff functions. This 
is always the technical key step in the Gevrey regularity problem. Our additional difficulty 
comes from the complicated nature of the operator P. 

Since the Gevrey hypoellipticity is a local property, it suffices to show P is Gevrey 
hypoelliptic in the open domain Q. c R^""*"' given by 

a = a^xD.^ = {{t,x) € R"+'; t^ + \x\^ < 1} X [v 6 R"; |vp < l) . 

Define W by setting 

W = 2a = {it,x,v) ; \t\^ + \xf < 2^, \v\ < l] 

For < p < I, set Q.p = Qj^xClp with Q.jj and Q.^ to be given by 

Qj, = [{t,x) e R"+^ (f2 + \xfY'^ < 1 - p) , - [v 6 R"; |vp < 1 - p) . 

Let Xp be the characteristic function of the set Q^, and let e C^iQ?') be a function 
satisfying < (p < I and 4>{v)dv = 1. For any e, e > 0, setting 4>eiv) = e~"0(^) and 
<Ps,siv) = <Ps/2 *Xs/2+siv)- Then for a small e, e > 0, 

(fi,,, € C^(a?); - 1 in n^^g; 

sup |£>"^£,g(v)| < C„e~l''l for any a en". 

veR" 

In the same way, we can find a function i]jE,s{t, € C'^{Q.l) such that i/'e g = 1 in H^^g and 
sup |D"i/^£,g| < C„£-I"L 

Now for any N eN,N > 2 and any < p < 1, we set 

Op X, V) - Ipp {N-l)p (t, X)(fip (N-i)p (v). 

N' N N' N 

Then we have, 

. %^Nit,x,v) ^ \, {t,x,v)eQ.p, (3.1) 
sup|D"Op,^| <C,(A^/p)H. 
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For such cut-ofF functions, we have the following Lemma (see Corollary 0.2.2 of ifTOl '). 

Lemma 3.1. There exists a constant C„, depending only on n, such that for any < ju < 
n + l,and f e 6;(R"+i), we have 

\(Dy%,N) /|L < Cn [{NIpp 11/11^, + (Af/p)l^l+^ ll/llo) , Irl < 2. (3.2) 

We study now the commutator of above cutoff function with the operator f. Since 
the operator is a differential operator with respect to the {t, x) variables, it is enough to 
consider the commutator of with a cut-ofF function in the v variable. We set ^p,w(v) - 
ipp_ (iv-i)p (v). The proof of the following Lemma is very similar to that of M. Durand LIOJ . 

JV JV 

Since our calculus is much easier and much more direct, we repeat it here. 

Lemma 3.2. There exists a constant Co;n, depending only on n and cr, such that for any k 
with l<K<n + 3,andfe SiR^"^^), 

ll[A" ^p,jv]/ll. < C^,n [{N/pr ll/IL + Wpr" ll/llo) (3-3) 

and 

\\[K, [K, ipp,M] ]f\l < C^,n {(A^/P)'" ll/IL + {NIpT^'' ll/llo) . (3.4) 

Remark 3.1. Observe for p = ^^^jp^, v'p,ArA^(l - (fp,N)f = - fp.N [A^, <^p,A?] / Then as a 
consequence of (13.31) . we have 

||^p,;vAv (1 - 9p,N)f\l < C^,n [{NIpT II/IL + iNlpf*'' ll/llo) . 
Hence, in the following, we omit the detailed discussions for such terms. 

Proof. To simplify the notation, in the course of the proof, we shall use C to denote a 
constant which depend only on n and cr and may be different in different contexts. We 
denote by (t, ^, ?/) the Fourier transformation variable of {t, x, v). Tt^xig), 'J^vig) are the 
partial Fourier transforms, and g is the full Fourier transform with respect to {t, x, v). Set 

h = [K, ifp^MV, H{v) = Hr,^{v) = TtMXr, ^, V) 

In the following discussion, we always write H{v) for //r,f (v), if there is no risk of causing 
the confusion. It is clear that 

ruh)iT, ^, V) = [a;:, <pp,N]rtM)ir, ^, v) - [a;:, <pp,Nmv). (3.5) 

Observe that the desired inequality (13.31 ) will follow if we show that, for each fixed pair 

^p,^(.)]//(-)|U.(R„) < C( (N/pr l|//(-)ll//HC) + (N/pr'^ II^(-)IIl2(r;) ). (3.6) 
Indeed, a direct computation yields that 

\\h\\l^ [ (1 + t2 + + \rjfr\h{T, ^, r])fdTd^dr, 

< C r [(1 + t2 + l^l^)*^ + |;7|24 \hiT, ^, T^fdTd^dT] 

< C r (1 + + \^fr If (l + \,jfY \h{T, ^, Tjfdn] drd^ 

= cj^ Jl +T^ + l^l'r (llK, <PpM-)]Hr,^(-)\L^«n^yTd^- 
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This along with (13.61) yields the desired inequality (13.31) . 

Next, we shall prove (13.61 ). First, for any g e S{W), we have 

in 10- . N ^ r g(v) - gjv - v) 
Jr" |v| 

with Co- 7^ being a complex constant depending only on cr and the dimension n. 
In fact, 

Jr" |v| Jr" \Jr" |v| / 

On the other hand, it is clear that 



(3.7) 



/ 

Jr" 



■dv = \rif 



Xi -i If- 



17] 

Observe that ~^„+er'' t/w is a complex constant depending only on cr and the dimen- 
sion n, but independent of 77. Then the above two equalities give (13.71 ). 
Next, we use (13.71) to get 

lA'l (//(vVp,w(v)) = -— 

Jr" M 

Jr" |v| 

which gives that 



■ dv 



dv, 



Jr" 



dv. 



(3.8) 



Let;t'p/Ar be the characteristic function of the set {v; |v| < p/N] . By the above expression, 
we compute 

2 



ii[iAr, iPp,N]H\\l2(^.. - \c^f f f 

' Jr" Jr' 



H{V - V)(^p,iv(v) - (fip,N{v - v)) 



dv 



dv 



<2\Ca 



J J 

Jr" Jr" 

n 

Jr" Jr" 



Xp/n{v)H{v - v){(Pp,n(v) - tPpAv - ^)) 



dv 



+ 2\Ca 



< C{ sup \dy <Pp^n\ y 



(1 -Xp/Niv)) H{v - v){(pp^Niv) - <Pp,n{v - v)) 
tttt:^ dv 



dv 



/(J 

Jr« \JR 



XplN(y) \H(y - v)\ 



dv\ dv 



+ C( sup |v3p,iv| )^ I I 

Jr" Jr" 



f r (^-XpIn{v))\H{v-v)\ \ 
. .„^^ fi?V 



— : + J?l2, 

For the term ^1, Young's inequality for convolutions gives 



/(J 

Jr" \Jr" 



xpiNiS')mv-n^. ^v<ii//ip 



-jn+cr-l 



L2(R^,) 



Li(R,)' 



,in+(T-l 
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Then (13.11 ) with \a\ = 1 and the following inequality 



Xp/Niv) 



.in+cr— 1 



Wo r^l 



ip/N) 



2{l-a-) 



deduce that 



Jli<C{N/pf''\\Hf, 



Similarly, we can use (13.11) with \a\ = and the inequality 

l|2 



/ / 



{^-Xp/n(v))\H{v-v)\ ] 
T-:::^ dv 



dv < \\H\\ 



1 -Xp/n(v) 



<C{plN)-^''\\H\\{,^^^ 



2o-||rj||2 



Ll(Rv) 



to get 



On the other hand, it is trivial to see 

||[ (lA.r - A^) , ^p,iv]//|lL2(R;) < C ||//|L2(R«) , 
Now we combine these inequalities to conclude 

||[A^, iPpMi-^ix.) ^ C(A^/p)"||//||^2(R.) . 



(3.9) 



Next we treat ||[A^, ¥'p,a']^II//'(r;)- Similar to the above argument, we study only the 
commutator ||[|Dvr, ^p,iv]//||//''(Rj). First, we consider the case when is a positive integer. 
Let a be an arbitrary multi-index with |Qf| < a:. Then taking derivatives in (13.81) . and then 
using Leibnitz's formula; we get 

[dl^Hiv - v)) • (5"~^(¥'p,A'(v) - 9p.n{v - v))) 



771 -'R" 



dv. 



Thus similar arguments as above show that 



dl([\DX, ^p,;v(v)]//(v))| 



< c 



2 {Nip) 



|q-/?|+o- 



I3<a 



■J) 



Together with the interpolation inequality (12.21) . we obtain 

||5^([iA,r,^p,^(v)]//(v))|L^^^„^ 

< C [{NIpY mWH'iK) + Wp)'"'^" II^IIl^cr;)) • 
Since a, \a\ < k, is arbitrary, we conclude 

||[ |D,r , ^p,;v(v)]//(v)||^,(^„^ < C {{N/pr I|//||//^(r;) + (A^/P)'^^" ■ 
This implies (13. 61 ). when /c is a positive integer. 



Now we consider the case when k is not a integer. Without loss of generality, we may 
assume < k < 1. Write k + cr = I + /u. Then < // < 1, and 

+ ||[ lA.^ ^P,iv(v)] |D,r//(v)||^2(R«)- 
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We have treated the first term on the right, that is, 

||[ \DX , ^p,Mv)]//(v)||^,(^„) < C {{N/pT I|//||//1(r;) + (N/p)'^" ||//|Il2(r,;)) . 
On the other hand, one has 

||[ \dX , ifipMi^)] \Dvf H(v)\\^,^^^ < C {Nip) . 
For the proof of this estimate, we refer to 1 10] for instance. Hence 

||[ \D,r'' , ^p,A,(v)]//(v)||^2(R«) < C{ {NIpf \\H\\hh«i.) + Wp)'^'' II^IIl2(r;) 

+ (Nip) \\H\\H,(«i) )■ 
Notice that /c > 1,. The interpolation inequality (12.21 ) gives 

||[iA,r-,^,Mv)]//(v)||,.(^„) 

< C{ {Nip)'' + {Nlpf^'' mWiii^,) ). 

Since < k < 1 , then 

||[IA.r, <Pp,n{v)] \DX H{v)\\^,^^,^ 

< C[ {NIpY \\H\\H<r(«,) + {Nlpf^'' ||//|L2(j,„) I 

< c{ {Nip)'' + {NIpf*" wmy^^n) ). 

In the last inequality, we have used the interpolation inequality (12.21 ). The above two 
inequalities yield that 

||iA.r[iA.r, ^p,iv(v)]//(v)||^2(R„) 
<||[iA.r-,^p,^(v)]//(v)||,,^^„^ 
+ ||[iA,r, ipp^M{v)] iA,r//(v)||^,(^„) 

< C{ {Nip)" ||//||^,.«) + {Nlpf" ||//||i2(R„) ). 

Hence 

<c{||iA,r[iA,r, ^p,^(v)]//(v)||^,(^„^ 

< C{ (A^/p)- + {Nlpf^'' WHWlHK) ]■ 

This implies (13.61 ) for general /c, 1 < k <n + 2, and thus (13.31 ) follows. The inequality (13.41 ) 
can be handled quite similarly. Thus the proof of Lemma I3.2l is complete. 

□ 

4. Gevrey regularity of linear operators 

In this section, we prove the Gevrey hypoelhpticity of f. We will follow the idea of 
M.Durand lITOl . We consider the following linear equation 

Pu = dtu + v- dxU + a{t, x, v){-aXu = f, {t, x, v) € R x R" x R", (4.1) 

where < cr < 1 . From Theorem 12.41 any weak solution of the above equation is in 
C°"(R2«+1) if / e C°"(R2"+1) . Hence, we start from a C°" solution, and prove the Gevrey 
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hypoellipticity in the following proposition, where Q and W = 2Q are open domains of 
]R2«+i defined in the section [3l 

Proposition 4.1. Set 6 = max f - and let s >j. Suppose the coefficient a{t, x, v) € 

G\Q), a> Q, and u € C"'{W) be such that fu - f & G\D.). Then there exits a constant L 
such that for any r € [0, 1] and any N eN, N > 4, 

||iI>,,A,D<'»||„„l + ll<I>,,«A'D"»|l, .,„, 

holds for any a e N^"'^^ lal = N and any < p < 1. 

Remark 4.1. Here the Gevrey constant L of m is determined by the Gevrey constants 
Ba and Bf of the functions a,f e C'iCl), and depends only on s,cr,n,\\u\\fj„+6(^^,^ and 
i|a|lc2n+2(Q) . This can be seen in the proof. 

As an immediate consequence of the above proposition, we have 

Proposition 4.2. Under the same assumption as in Proposition \4.1\ we have u G G^{Q.). 

Indeed, for any compact subset K of Q., we have K c Op^ for some po, < po < 1. 
Then for any a e |Qf| ^ > 4, (£)o,/v gives 



Taking Ck = + \\u\y^K) > then for all a, 

\\D''u\\LHK)<C^f\m'- 
The conclusion of Proposition l4.2l follows. 

Proof of Proposition \4.1\ We prove the esitimate (£')r,A' by induction on N. In the proof, 
we use Cn to denote constants which depend only on n, which may be different in different 
contexts. Let <!> be an arbitrary fixed function compactly supported in W such that <1) = 1 
in Q. First, we prove the first step of the induction for N = 4. For all \a\ = 4, we use (13.21) 
in Lemma im to compute 

||(Dp,3D'^M||,+„+i + \\%,3A''D''ul_s^,^^, 

< c„ [\m''uUn^, + \m''D"u\i_s__^„^,], 

On the other hand , since la] - 4, 

The term on the left side is bounded by the smoothness of u. Combing these, we obtain 

{EU \\%^3D"u\Wn., + \\%.,K-D"u\l_.^,,,, < < ^ . 

Thus (£')r,4 is true if we take L > C „\\u\\ff „+6(^^/^ + 1. Let now N > 4 and assume that (£')r,Ar-i 
holds for any re [0, 1]. We need to show (£')r,A? still holds with a constant L independents 
ofN or r e [0, 1]. We denote 

IID^Mll, = 2 IID^mII,. 

M=J 
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In the following discussion, we fix A'^. For each < p < 1, define p - -^^p, p = -^^P- Let 
Op A? be the cutofi" function constructed in the previous section which satisfies the property 



3.1I ). The following fact will be used frequently 

1 



1 1 1 

< < 



p{s+n)k p{s+n)k ^{s+n)k 



10' 



p(s+n)k ^]\f-2 



P 



sk 



-, k=\,2,---,N. (4.2) 



We shall proceed to prove the truth of (£')r,A' by the following four lemmas. The first 
one is a technical lemma, and the second lemma is devote to the proof of the truth of (£')r,Ar 
for r = 0. In the third one, we prove that {E)^^^ holds for < r < |, and in the last one we 
prove that {E)r^fj holds for all r with < r < 1 . 

Lemma 4.3. Let s >3 be a given real number and k> 5 be any given integer Assume 

Ijn-l 



\n+l 



^(i+n)(m-3) 



—{im-3y.y 



(4.3) 



holds for all y with \y\ = m < k, and all < p < I. Then if L > 4"^^(||M||^n+6(jy) + 1), one 
has, for all (5 with = k, 



rk-2 



{klpf^^ \\%,kl^u\l + (k/pr^ ||(Dp,,A'^Z/m||o < -^^—^{{k - 3y.y. (4.4) 

Proof. Without loss of generality, we may assume k > n + 4, for, otherwise, in the case 
when 5 < ^ < « + 4, it is obvious that, for all fi with \fi\ = k < n + 4, 

{kipr^ \\^p,kD^\^ + {kipf^ ||Op,^a-z)/'m||q 

Then the desired inequahty (1441 ) follows if L > 4"+'' (||m||//,.+6(vv/) + l) • 

Now for all yS, |yS| = ^ > « + 4, we can find a multi-index yS < y6 such that |y§| - n + \. 
First we treat (k/p)"^^ \\(t>pjcD^u\\^^ . Since «:-i)p = 1 in Supp Op/t, then the following 
relation is clear: 



(k-l 



{k-l)p 



,k-n-\ 



Observe ^-p\ = k- n-\, then we use the above relation and the assumption (14.31 ) to 
compute, for L > 4"'^^ (||M||//«+6(iy) + l) , 



n+3 



T k-n-2 



n+\ 



< {kip) 



n+3 



,(s+n)(k-n-4) 



((i-n-4)!)' 



p{s+n){k-3) 
2p(.v+n)(/:-3) 



i{k-3)\y 



In the same way, we can get the estimate on the term {kjpj^^^ llOp ,tA°"D''M|| , that is. 



{klpf^^ ||Op,,A-Z/JL < - 



1 L^-^ 



- 2p(.v+n)(<:-3) 



{{k-3yr. 
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Thus by the above two inequalities, we get the desired inequality (I4.4I ). This completes the 
proof. □ 

Lemma 4.4. Assume that (£')r_A?-i is true for any r £ [0, 1]. Then there exists a con- 
stant C\, depending only on the Gevrey index s and the dimension n, such that, if L > 
max(2-^+iB,„ Bf, 4^+^ ||M||ff«+6(v^) + 4-^+i), 

l|Op,^D"M||„,i + ||Op,^A-D''«||_.,„,j < - 3)!)^ (4.5) 

for any a € N^"+\ \a\ - N, and any < p < 1. 

Remark 4.2. In fact, this is {E)r^N for r = if we choose L such that L > C\ and L > 

max{2-^+iB^, Bf, 4^+^ ||M||ff«+6(w) + 4'+^). 

Proof We choose a multi-index /3 with \a\^\/3\ + I. Then ^| = - 1. Recall p ^ ^p. 
By the construction, Op^/v-i = 1 in Supp Op at. Thus 

W^^nD^uH^i < ||cDp,wZ)^M||i+„+i + ||(DOp,w)Z/m||„+i 

< \\%,N%,N-lI^lih+n+\ + \\(.D%^N)%,N-lD'^u\\n+l 

< C„ {||(Dp,;v-i£>^"lli+„+i + {N/pmp,N^irfu\\n^i + (A^/pr^'||Op,^_iZ/M||o) , 

In the last inequality, we have used Lemma ITT] For the third term on the right-hand side, 
we use Lemma |43] with = A'^ - 1 to obtain 

1/31 L^l~2 

2^|a|-2 

Applying the relation (14.21 ). we get 



On the other hand, by the induction assumption that (£')r a'-i holds for any r with < 
r < 1, we have immediately 

ii<Dp,w_izy^Miii+„+i + (A^/p)iiOp,A,_izy^Mii„+i 

2^0-1-2 

^^(;T;^w«i-3)!m/(^-3)r 



Thus 



\\%.nD"u\1.,< ^^^.^„;,.3^ ((|a|-3)!)- 
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By exactly the same calculation, we obtain 

~ 30*"""" C 

Taking C\ = 60*^"C„ with C„ being the constant appearing in Lemma im we obtain (I4.5I ). 
This completes the proof of Lemma 1441 

□ 

Lemma 4.5. Assume that {E)r^N-\ is true for any r G [0, 1]. Then there exists a constant 
C2, depending only on cr, the Gevrey index s, the dimension n and ||m||^«+6(^-| , l|a|lc"+2(n) ' 
such that for any < r < ^, if 

L > max[r^^Ba, Bf, 4'^^ \\u\\h„.6(^w) + 4'^^] 
with Ba,Bf being the Gevrey constants of a, f e G^{Q.), we have that 

\\%,ND"u\\r^n^l + ||Op,M"£>""ll,_|+„+i < ^(,l)(|,|_3) ((l«l ' 3) !)'(A^/p)", (4.6) 
for any a e N^"+\ \a\ - N. 

Proof. In this proof, we shall use C j, j > 0, to denote different constants which are greater 
than 1 and depend only on s, cr, n, ||M||///.+6((y) and ||a|lc2"+2(n) ■ The conclusion will follow if 
we prove that 

\\%,nD''u\\s_^„^, + ||(l)p,wA"D'^M||„+i < ^(^."„)(|,|_3) ((l«l - 3)\nN/p)^. (4.7) 



Indeed, from (14.71 ) we know that (14.61 ) is true for r = | . The truth of (14.61 ) for the general 
r, < r < |, follows from the interpolation inequality (12.21 ) and Lemma l44l 
To prove (I4.7I ). we shall proceed in the following four steps. 



Step 1. In this step we prove 

(i>p^^D"]u\\_.„^,^ < -g^^((|a| - 3)\nN/p)T. (4.8) 

Recall (S>p^n{U x, v) = if/p^NiU x)(pp^N{v) with if/p^N, <Pp,N being the cut-off functions con- 
structed in Section 3. First, notice that i/^p ^r = 1 in the support of (Ap./v, and ^p ^r = 1 in 
the support of (pp^N. It then follows that 

||fl[A2", %,nD"]u\Is^,^^i = MA^'', ^p,^]«Ap,iv£>""ll-f+„+i 
<C«{||[A", ^p,iv]^p,/vA"D'^M|L.^„^i + IILA'^, [A'^, ^p,w] ]«Ap,iv£>"MlL|+„+i 

< CajllLA'^, (pp,N]tlyp,N'l^p,N'Pp,NA'^D"u\\_s__^^^y 

+ \\[A°', [A"', <Pp.n]Wp,n^p.n'Pp,nD"u\\_s^^^_^^ 

= C«{||[A", ^p,;v]«Ap,ivOp,/vA'^D"M||_.^„^i 

+ WIA'', [A'', <Pp,n] Wp,N%,ND"^\U^„^r 
=:{Sr) + {S2), 
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where Cq is a constants depending only on the coefficient a through ||a|lcn+2(Q) . To estimate 
the term (^i), we apply the inequality (13.31) in Lemma [X2l and then (13.21 ) in Lemma |3J] 
This gives 



(Si) < CaC^,n{{N/pr \\llrp,NOp,NA^D"u\\ 



l+n+1 



=:(5i)'+(5i)". 
First, the estimate (14.51) in Lemma 144] yields 



(5i)'<C,C,,„CJ- .,,..„,,„,_,, ((N-3)!r 



p J p{s+n){\a\-3) 



p(i+«)(|Q'|-3) y p 

In the last inequality, we used the fact y > 1 > cr. Next, we treat (52) . By virtue of the 
induction assumption, the required condition (14.31 ) in Lemma 1431 is satisfied with k = N. 
It thus follows from (l44l) that 



{S,) <CaC^A-\ ((N-3)!)-- 



p ; p(^-+n)(l«|-3) 

^^"^ .((|a|-3)!)-^-^ 



Thus 



p(i+n)(|a|-3) \P 



(^i)^-S^((w-3)!r - 



p(s+«)(|Q'|-3) \P 

Now it remain to treat the term (52). By the similar arguments as above, the inequality 
(13.41 ) in Lemma IT2] gives 

(52) < C4 {NIpf'' \\%,nD"u\\_,_^^^^^ + C4 (A^/p)"+^-^2- ||Op,wD"m||p := M + N2. 

We first estimate Ni . Choose a multi-index yS with |Qf| = ^| + 1 . Then the similar arguments 
as the proof of Lemma l4~4l give 

+ iN/p)\\%!,.,I^u\U^„^i + {N/pr^^-h\<^pM-iD^"\\o}. 
We recall p = ^^^rr^- By the interpolation inequality (I2.2I ). 



(iV/p)||(D^,^_iZ/«|| < ||cD=,v-iD^«||(i + (^) ' ||(D^,^^iZ/«||o(. 



Therefore 

||^P,^0"«IL^+„+i ^ C„{||<D^,^_iZ/m||(i_.)^„^i +(A^/p)"+2-f||o^^^_iZ/M||o) 
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Hence M ^ M,i + M,2 with M.i, M,2 given by 
Since {E)r^N-i holds for all r e [0, r], then it follows that 



p I p{s+n){\a\-4) \ P 

^C6(-l -(;T;;xH^W«l-3)!r. 



p/ p 

In the last inequality, we used again the fact y > cr. For the term N\^2, we use Lemma 
with k - N - \. This gives 

^„ , (^p+^' (^)-'"" {(^^)'"" „.,„_,z/„,[ 

^Cs — ^7-:^((^l-3)!r- 



p / ^(i+«)(l8h3) 

Since 1 - | + 2cr < 5, then it follows from the above inequality that 



1-2 



With the estimate on N\ \ , one has 



J \a\—l I M\ 

M ^ M,2 + M,2 < - 3)!)^- - 



p(s+n){\a\-^) 

In the following, we treat N2 = C4 (N/p)"''^'^-^^'^ \\%^nD"u\\^ . Using Lemma|43]with 
k = N,we get 



Thus, 



With the estimate on {S 1), we get the desired inequality (I4.8I ). This completes the proof of 
Step 1. 
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Step 2. In this step, we prove 



wvp, %,nD'^mls^,„,, < ^i^((i<^i - m\Nip)^. (4.9) 



Recall f = Xq + ah^"' with Xq - dt + v ■ dx- Then a direct computation deduces that 



\\[P, ^mD^MU-^,^, < \\[Xo, Op,wD«]M||_.^„^i + ||a[A2-, (l)p,;v£>"]"IL|+„+i 

=: (/) + (//) + (///). 

We have already handled the second term in Step 1. It remains to treat the first term (/) 
and the third term (///). 

Observe that [Xq, D"] equals to or D""" for some oq with lo-ol < |a|. A direct verifica- 
tion yields 

(/) < ||[Xo, (Dp,;v]£>"M|l„+l + \\%,nD"°u\1^i 

< ||(DOp,;v)Op,wD'^M|Ui + \\%,nD"''u\\„^i 

< C„{ (A^/p)||Op,yv£>"M||„+i + {N/pr^^Op^ND^uh + ||Op,^Z)«''M|Ui ). 

For the first term and the third term on the right-hand side, using (14.51 ) in Lemma |4j4j and 

2 

Cn{ {N/pmp,ND''u\\„^i + \\%mD""u\\„^i 



noting that y > 1 , we obtain 



^Cn{N/p^i)^^^m-3v.y 



p 



On the other hand, we use Lemma 1431 with k = N to get 



C„(A^/p)"^'ll<l>P,;v£>"«llo < ^^"„x'|l'|,3) ((l^l - m\N/p)T 



Thus 

(J\ < - 

^(s+n)(\a\-3) 



Now it remains to eatimate (///). The Leibniz' formula yields 



(///)< 2 C^||l>p,iv(£»^«)A'"£»"" 

0<|y|<|ff| 

<Cn Yj cl\\D■ya\\^„,,^^y\\%,N^'''D"-yu\\ 

Q<\y\<\a\ 



(4.10) 



where = y,^"^^^, are the binomial coefficients. Since a e G\Q), letting Ba be the 
Gevrey constant of Gevrey function a on O, we have 

\P'4o'^H^) ^ ^^t\{\y\ - 2yr if Irl > 2, \\D'a\\^„,,^^^ < Ba if irl - 0, 1. (4.1 1) 
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On the other hand, observe that 

We have handled in Step 1 the first term on the right hand. This gives 

ii[A- %,,]A-D"~yu\u_,,^,, < ^,;4|,|.|,i-3) ((i«i - in - m\NipP. 

For the second term, note that la] - \y\ < N - \ for y 0. We use the induction hypothesis 
that (£'),.,/v-i holds for all r € [0, 1], to get, for y, < lyl < \a\ - 3, that 

Observe that 



.(rr . I'iN -\y\-2y + Ti\y\ + 2y 
(N/pY^"---) < (N/pY < — — 

< i6\r)^y^-\N-\y\-2yp-\ 

Thus for y with < lyl < |a| - 3 = A'^ - 3, we have 

Note that the above inequality still holds for y with ly] = \a\-2 if we take L > 4""*"^ (l|M||//n+S(vi') 
Consequently, we combine these inequalities to obtain, for < |y| < \a\ - 2, 



This together with (14.111 ) yields 



"II f+n+l 



2 Cl\\Dya\\^„,,^^y\\%^NA^''D''-y 

2<\y\<\a\-2 

<(!1Y y — — irBjy^-\(\y\-2yy 



2<M<\a\-2 

r^,,^ M-Irl 
■H-2 _ /9.VR xM-i 



^ 2<|y|<|ff|-2 ^ ' 

<^i^((H_3).r(A./p)# y (^r^^, 



2<|y|<|a|-2 
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Observe that - 1 > 3 and thus the series in the last inequaUty is bounded from above by 
a constant depending only on n if we take L > l^^^Ba- Then we get 

2<\y\<\a\-2 

((N-3)!)^(A^/p)T. 



p(.s+n)(ki'|-3) 



For lyl = 1, \a\ - 1 or |ff|, we can compute directly 

2] d ||£»^a||^„,,(^^ • ||Op,;vA'-D-^i.|| 



\y\=\\a\-\\a\ 



Combination of the above two inequalities and (14.101 ) gives that 

Consequently, the desired inequality ( I4.9D follows. This completes the proof of Step 2. 
Step 3. In this step, we prove that if L > B with B the Gevrey constant of function /, 

W%^nD"u\U^^^^, < _ 3)!)-^ Wp)f . (4.12) 

Indeed, observe that 

Since 911 = f e G\Q), then ||D^:P/||//«+2(n) < B if lrl < « + 5, and 

||£»^^/L„.2(n) ^ B\y\-^ (drl - « - 5)!)'' , if Irl > « + 5. 

Hence, 

W^^MD-ruW,.^^^^, < CANIpf-' P"rf\l.,..,^^ < - 3)!)-\ 



We take L such that L > B. Then the above inequality together with (14.91 ) in Step 2 yields 
immediately the inequality (14.121) . 

Step 4. In the last step we show (14.71) . And hence the proof of Lemma 14.51 will be 
complete. 

First we apply the subelliptic estimate (12.41) to get 

with C(Q) a constant depending only on the set Q.. Combining Lemma |4~4] with (14.121) in 
Step 3, we have 



Clin 



\a\~2 



sS 



\\%mD^u\\s,^,, < -77^i(M - m\N/p)^. (4.13) 



P 

Next, we prove 



T\a\-2 ^ 

\\%,nA-D%\\._.,^,, < - 3y.nN/p)T. (4.14) 
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Observe that 

||<Dp,;vA"£>""ll|_4+„+i < l|[A", %,N]D"u\\n+i+\\A''%,ND"u\\n^i. 

By the same method as that in Step 1, we get the estimate on the first term of the right side, 
that is, 

Then it remains to estimate the second term. A direct calculation gives that 
||A"(l)p,;v£>"M|lLi 



1 

2 

1 

2 

< C25I \\P%,ND''uf,^^^^^ + ||cl)p,;v£>"«ll|^„^i 



- ^i%MD"u, [a-'A^"^\ XoI^mD^u) 



This along with (14.121) and (14.131) shows at once 

\\A'^%nD"u\\ , < , ^ ((\a\ - 3y.y{N/p)-. 

II f'" lln+l p(s+n){\a\-3) ' ' ' ^ 

and hence (14.141 ) follows if we choose C23 - C24 + Cie- Now by (14.131 ) and (14.141 ). we 
obtain the desired inequality (14.71 ) if we choose Co = C22 + C23. This completes the proof 
of Step 4. 

□ 



In quite the similar way as that in the proof of Lemma 1431 we can prove by induction 
the following 

Lemma 4.6. Assume that (£')^ ^?_i is true for any r e [0, 1], then there exists a constant 
C3, depending only on cr, s,n, ||M||//n+6(vi7) cmd ||a|lc2n+2(f2) , such that for any r e [|, 6], if 

L > max [I'-^^Ba, Bf, 4-*+' ||m||//.+6(i^) + 4'*+^}, we have, for all a, \a\ = N, 

\\%,nD"u\W„^i + ||<Dp,;vA'^D'^M||,..^„^i < ^(,'„)(|,|_3) ((|t^l - m\N/py. 

Inductively, For any m € N such that ^ < 1 + |, the above inequality still holds for any r 
with ^'"'^^^ < r < and hence for all r with < r < 1. 



Recall that the constants C\,C2,Ct, in Lemma |4j4j Lemma 1431 and Lemma 146] de- 
pend only on s, o", «, ||m||^„+6(^) and ||a||c2n+2(n)- Now take L in such a way that L > 

maxjCi, C2, C3, Bf, 4*"^^(||m||^„+6(vi7) + 1)}. Then by the above three Lemmas, 

we get the truth of (£')r,A? for any r € [0, 1]. This complete the proof of Proposition 14. 1 1 
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5. Gevrey regularity of nonlinear equation 

In this section, Cj, j > 4, will be used to denote suitable constants depending only on cr, 
the Gevrey index s, the dimension n and the Gevrey constants of the functions a, F. The 
existence and the Sobolev regularity of weak solutions for non-linear Cauchy problems 
was proved in 115]. Now let u € L'^^{R^"'^^) be a weak solution of (I1.3I I. We first prove 
u € C°°(M?"'*'^), and we need the following stability results by nonlinear composition (see 
for example |[22l). 

Lemma 5.1. Let F{t, x, v, q) e C°°(R2«+i x R) and r > 0. Ifu e L~^(R2«+1) n //;;^^(R2«+1), 
then F{-,u{-)) e //[^^.(R^"""^)- 

In fact, if Ml, M2 e //'XR^"+') n L'>"(R2«+'), then 

WuiUlWr < C„{||Mi||z.oo||M2||r + IIM2IIL" ll"l llr}- 

Thus if r > {2n + l)/2, the Sobolev embedding theorem implies that 

l|MlM2llr<C||Mi||,||M2llr. (5.1) 

Suppose that u e L^'^^XR^"^') is a weak solution of (I1.3I ). Then by the subelliptic estimate 



(I2.4I ). one has 

< CI U2F{; U{-))\1 + ||(A2«llr }, (5.2) 

where tfri,i^2 £ C'^i'B?"'''^) and 1/^2 = 1 in the support of 1^1. Combining Lemma [5TT] and 



the above subelliptic estimate (15. 2I ). we have m € (R^"^') by standard iteration. We 



state this result in the following Proposition: 

Proposition 5.2. Let u e L,'^^(R2«+') be a weak solution o/dO). Then u e C"'(R2"+1). 

In this section we keep the same notations that we have set up in the previous sections. 
We prove the Gevrey regularity of the smooth solution u of Equation (11.31 ) on Q.. Set 

W = 2a = |(f,x); + \x\^)^'^ < 2) X {v e R", |v| < 2) and 

M = max \u{t,x,v)\. 

(t,x,v)eW 

Let [Mj} be a sequence of positive coefficients. We say that it satisfies the monotonicity 
condition if there exists Bq > such that for any j e N, 

—^-—MiMj^i < BoMj, (/ = 1, 2, • • • , j). (5.3) 

iKj-i)\ 

Let be the classic Horder norm, that is, ||M||c*(n) = ^7=0 ll^''"llL"(n) " 

We study now the stability of the Gevrey regularity by the non linear composition, 
which is an analogue of Lemma 1 in Friedman's work ifTTI . 

Lemma 5.3. Let N > n + 2 and < p < \ be given. Let {Mj] be a positive sequence 
satisfying the monotonicity condition f l5. il ) and that for some constant d depending only 
on n, 

-I MN-n-2<CnMN-2; M j > p-J , j>2. (5.4) 

Suppose that there exists C4 > 1, depending only on the Gevrey constant ofF, such that: 
1 ) the function F(t, x, v; q) satisfies the following condition: for any k,l >2, 

||^Lv^^^|lc-2(nx[-M,M]) ^ Cr'M,_2M,_2, V Irl = k, (5.5) 
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2) the smooth function git, x, v) satisfies the following conditions: ||g|li»(vi7) < M and 

\\DJg\\c^.3^w) ^Ho, < 7 < 1, (5.6) 
and for any < p < 1 and any j, 2 < j < N, one has 

\\%.jD^g\\y-,n+i < H{-^Mj^2, V Irl = j, (5.7) 

where v is a real number satisfying -1/2 < v < 1, and Hq, H\ > \, H\ > [a^^'^^C^Hq^ . 

Then there exists C5 > 1, depending only the Gevrey constant of F and the dimension 
n, such that for all p,0 < p < 1, and all a € N^""*"' with \a\ = N, 

\\%^MD''[F(;g{-))]\l^^_^^ < C5HIh^-^Mn.2. (5.8) 

Proof. In the proof, we use C„ to denote constants which depend only on n and may be 
dilferent in different contexts. In the following, for each p, we always denote 

„ {N-l)p , (A^ - 2)p 
' = ^^- 

Observe that for p, p, p, we have the relation (14.21 ). Since = 1 in the support of Op ^, 
then by Lemma IXTl one has 



\\%,ND'^[F{;gml^^^^ = ||0,,^cD^,3D"[F(.,^(.))]||,,„,j 

< C„{||Op,3D'^[F(.,^(.))]|L,„,i + \\^p^3DnF{;gm\l 
-. Ji +I2. 

The proof will be completed if we can show that there exists a constant £ depending only 
the Gevrey constant of F and the dimension n, such that 

Ji < 8HIh'^-^Mn-2. (5.9) 

Indeed, choose a multi-index a < a such that \q:\ = n. Then 

\n+l+v 

\\<:>p,3D"%,D''-"[Fi;gi-))]\l 

n+l+v 















<c„\ 










<c„| 











)n-\-i+v 
||0=,3D'^-*[f(.,g(.))]||„ 

\h^3D''-nF(;gml^^^^. 



Assuming that (15.91) holds, then by virtue of the condition (I5.4I ). we have 

I2 < Cn ( - j \\^p^,D"-'^[F{; ^(O)]!!,^,,^! < C„ I - j SHlH''-"~^MM-n-2 

With (15.91) . the conclusion follows at once. 

The rest is devoted to the proof of (15.91) . By Faa di Bruno' formula, Op 3D"[7^(-,g(-))] 
is the linear combination of terms of the form 
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where + / < \a\ and yi + 72 + • • • + 7/ - or - j6, and if = 0, D'^'g doesn't appear in 
(I5l0l) . 

Next we estimate the Sobolev norm of the form (I5.10I ). Take a function T e Cq(W) 
such that *P - 1 in D. Note that « + 1 + v > (2« + l)/2. We apply (1511 to compute 



7=1 



v+n+1 ' 



where ^'j is given by setting *Fy = *F if |7y| = 1, and = <!)= if [yyl > 2. Moreover a 
direct computation yields 

||0,3(D?,,,5^F)(.,g(.))|t,„,i < ||c1>,3«,5^f)(.,^(.))||„,2 

< C„//o|sup|D-2ci>,,3| . \KA4aa.i-M.M^^ + IK.v5^^|lc-(nx[-M,M])l 

< C„Ho 1 1- j ||^;t,v'5?'^|lc(nx[-A/,M]) \\^,xAq^\\c"*HClx[-M,MY) | 



In the last inequality, we have used (I3.1I ). Without loss of generality we may assume 
^1 > « + 2. Then we may choose ^ < /3 such that |y§| = ^| - (« + 2). Thus by (Ell, (1531) 
and the monotonicity condition (15.31) . one has 



and 



~j ll^;f,v'^9-^llc(nx[-M,M]) - (pi \\^,x,v^1^\\c"+^iax[~M,M]) 



< 3"+2m„+2M^|.2M,_2 

< 3"+2Mt8|_2M;_2. 



Hence, 



Hence 



||^P,3K.,v5^^)(-,g(-))|L,„,i < C„//oM^|_2M,_2. 



Pp,3 Kx,v^^^) ^(0) n ^ CnHoM\fs\-2Mi-2 ff H'FyD^^gH^^^^i , (5.11) 

;=i 7=1 

By virtue of (I5.6I )- (I5.7I ) and (I5.10I )- (I5.11I ). the situation is now similar to [11]. In fact, 
we work with the Sobolev norm, and we shall follow the idea of [11] to prove (15.91 ). First 
we define the polynomial functions w, X\, X2 in R as follows: 



w = w(y) = Hq 



j=2 



N w 



Xi(w) = 1 + C4W + ^ -^—^ 
j=2 J 



ClMj.2wJ 
i ■ 



THE GEVREY HYPOELLIPTICITY FOR KINETIC EQUATIONS 
J=2 



25 



By the conditions (15.61 1 and (15.71) . we have 



y=0 



, V 1 < 7 < A^; 



Define X{y,w) = Xi(w)X2(y). Then by virtue of (15.51 ). it follows 



(>',w)=(0,0) 



, V2<k, 1<N. 



By (15.1 II ) and the above two inequalities, we get that for all a, \a\ = A^, 

1 1 = Cn\\%,3D"[F(.;gi-))]\l^^^^ < CnHo^X{y,w(y)) 



y=0 



Hence, the proof of (15.91 ) will be complete if we show that, 
dy 



^-(Xi {w{y))X2(y)) 



y=0 



< 12CaHqH^-^Mn-2- 



(5.12) 



To prove the above inequality, we need to treat X^p{0) :- -^Xjiy) < k < N, j = 
1,2. We say w(y) « h(y) if the following relation holds: 



w 



U) 



(0) < h^^\<d), < j<N, 



Obviously, 



We next prove 



wiy) «c wiy) = Hq 



y + 



7=2 



7=3 



(7-1)! 



(5.13) 



In fact, direct verification shows that 

2//f^My_3 



w\y) = Hl\y^ + 



Hi ^Mi.2Mj-i-2 \ 



Since My! satisfies the monotonicity condition (15.31) . we compute 



7-2 f/7-4 



i=2 



/!(7-0! 



(7-4)!/ 



0-4 f 



32h{ ^Mj^i 
(7-1)! 



Combing these, we obtain (15.131 ). Inductively, we have the following relations: 



w'(y) « 35'-^Hl 



w^(j) « 35^</. 



, 2</<A^-l; 
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Thus by the definition of Xi , it follows that 

Xi(y) - Xi {w{y)) « 1 + C^Hoy + {HoMo/2 + SSC^MoZ/^/l)/ 



Ui j- 1)! 

This gives 

Xm - 1, X[{0) < C4H0, Xf\0) < HoMo + 35CIMoHI 
and moreover for j > 3, 

Observe that Hi > {35C4Hof, and hence xf^ < IC^HqHiMq, and for j > 3, 
(,) ,-2 4C4(7-2)!//o//r^M,_3 

< 6C4HoH{~^Mj^2- 
On the other hand, it is clear that 

X2(0) = 1, ^2(0) < C4, 4^\0) < ciMj^2, 2<j<N. 
By virtue of the above relations, we have, for H\ > (35C4//o)^ ^ 



(A'-i)/ 



< C^M;v-2 + C^NHoMn-3 + 2N{N - l)C^~^ HoHiMqMn-a + 6c2//o<"^M;v-3 

A/"! 

+ 6C4HoHf~^MN-2 + 6C4 y ———HoHj-^Mj.2C^-jMN-j-2 

< 72C4//o<"^M;v-2- 

This gives (15.121 ). and hence ( I5.9I ). This completes the proof of Lemma [531 □ 

Now starting from the smooth solution u, we prove the Gevrey regularity result as fol- 
lows: 

Proposition 5.4. Let 6 - max f - 5} , and let s > ^ be a real number. Let W = 2Q = 
{(f, X, v); (^, |, ^) € n| . Suppose that u e C^iW) is a solution of di. where a{t, x, v) € 
G\Q), a> Q and F{t, x, v, q) e G\Q. X [-M, M]). Then there exits a constant R such that 
for any r € [0, 1] and any N eN, N > 4, 

\\%,nD"u\\ 

r+n+l 

<^m-3v.r{ff 

holds for all a, \a\ - N and all < p < 1. Thus, u e G'\Q.). 

Remark 5.1. Here the Gevrey constant L of m is determined by the Gevrey constants Ba 
and Bp of the functions a, F, and depends only on s, cr, n, ||m||//«+6(v(/) and ||a||c2n+2(Q) . 
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Proof. We prove the estimate {E)'^ ^ by induction on N. We shall follow the same proce- 
dure as that in the proof of Proposition 14. 1 1 First, the truth of {E)'^.^ can be deduced by the 
same argument as that in the proof of (£')r,4 in the previous section. 

Let now N > 4 and assume that (£')J.^ ^ holds for any re [0, 1]. We need to prove the 
truth of {E)'^^ for < r < 1. In the following discussion, we fix N and for each < p < 1, 
define p - ^^p, p - ^^P- Let Op at be the cutoff function which satisfies the property 



(IXTT) . 

First, the same argument as the proof of Lemma l4!4l yields 

\\%,ND"u\\n^, + ||cl)p,;vA"£>""IL|+„+i < - 3)!)', V < p < 1. (5.14) 

Next we prove, for all r, < r < |, 

\\%,ND"u\Wn^, + ||<Dp,;vA''D«M||,_.^„^i < _ ^)\)\Nlpy'. (5.15) 

Observe that we need only to show the above inequality in the case when r = | , that is 



H-2 



s6 



\\%,nD''u\^^,^^, + ||Op,wA'^D''M|U+i < ^(,;„)(|,|,3) ((l«l - 3)\y{N/p)^, (5.16) 

and the truth of (15.151 ) for general r €]0, |[ follows by the interpolation inequality (12.21 ). 
To prove (15. 161 ). we first show the following inequality 

\\P%.nD"u\U,,^, < - 3y.yiN/p)T. (5.17) 

In fact, 

Since there is no nonlinear form involved in the first term on the right-hand side of the 
above inequality, the same argument as in the proof of ( 14.91 ) gives that 



\\[P, Op,^D"]«||_.,„,i < -g^^((|a| - 3)!)-^(A^/p)T, (5.18) 

Thus we need only to treat the second term \\(i>p,ND"[F{-, u{■))]\\_^_^_^_^,^. The smoothness 
of u gives 

\\D^u\\c..3^w) ^ M\c-Hw)^ < 7 < 2, (5.19) 
and by the induction hypothesis, for any 3 < j < N and any < p < 1, 



l|OpjZ/«||_.,„,i < ||Op,,-Z/«|Ui < -^-l^((j-3)!)^ 



(5.20) 



p(.v+n)0'-3) 



Similarly, by (15.141 ). we have for any < p < 1, 

l|Op,^D-«||_.^„^i < ^^^^^{{N - 3yr{Nlp)^, V a, \a\ = N. (5.21) 

Since F € G%Q. x [-M, M]), then 

\\DlA^\\o.^Hn><[-MM]) ^ ^F^iC^ - 3)0-Xa - 3)!)^ k,l>3. (5.22) 
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Define Mj, Ho, Hi by setting 

Hi =R; Ho = ||m|Ic-3(w) + 1; Mo = l; Mj = + 2)/p)T, j > i. 

We can clioose R large enougii sucli tliat Hi ^ R> {4"'^^BfHof. Then (I5.19N5.22I) can 
be rewritten as 

\\Dju\\c.,.i(w) <Ho, < J < 1, (5.23) 
\\%jDM^^n+i ^ HoH{-^Mj.2, V < p < 1, V Irl - j, 2 < j < A^, (5.24) 

ll£»t,v5^^llc-2(nx[-M,M]) ^ B';'Mk-2Mi.2, kj>2. (5.25) 
For each j, note that s > ^. Hence we compute 



MiMj^i - -^—{{i - \y.y~\u - i - i)!)^-ip-(-*+"X'-i)p-(-v+")o--'-i) 



/!(7-0! ' iU-i) 

x(/ + 2)T(j-/ + 2)Tp-'' 

^ T^S^i - i)0V-^-"^^-'^(7 - 2)?p-#p-# ^'-''^ 
(j - 1)' ' 

< C,My. 

In the last inequality we used the fact that s-l > 1 + y , where Cs is a constant depending 
only on s. Moreover, it is easy to verify that, My > p"(''+")0-i) > p-j for each j > 2, and 



s6 



-j ^^-«-2 = ^-j ^(...,„x;v-„-3) ((A^-")/P)^ 

((A^-l)!)' M 

^C"^(:^t;o(^«^ + 2)/p)t=^ 

Thus |Mj| satisfies the monotonicity condition (15.31 ) and the condition (15.41 ). By virtue of 
(I5.23I) - (I5.26I) . we can use Lemma 1531 with y = -| > to obtain 

< 2C5 (1 + ||«||^„.3(^)) - 3)0-^Wp)^- 

This along with (ISTSl ) yields (ISTTl ). if we choose C? = Cs + 2C5 (l + ||m||^„+3^^J. By 
virtue of (15.171 ). we can repeat the discussion as in Step 4 in the previous section. This 
gives (15.161 ). and hence (15.151 ). 

Similarly, we can prove that for any r with j < r < 6, 

Inductively, for any m e N with ^ < 1 + |, the above inequality still holds for any r with 
(m^W < r < Hence, for r with < r < 1, we obtain the truth of iE)'^^. This completes 
the proof of Proposition 15.41 □ 
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